A nonidentity element of a permutation group is said to be semiregular if all of its orbits have the same length. The work in this paper is linked to 6] where the problem of existence of semiregular automorphisms in vertex-transitive digraphs was posed. It was observed there that every vertex-transitive digraph of order p k or mp, where p is a prime, k 1 and m p are positive integers, has a semiregular automorphism. On the other hand, there are transitive permutation groups without semiregular elements 4]. In this paper, it is proved that every cubic vertex-transitive graph contains a semiregular automorphism, and moreover, it is shown that every vertex-transitive digraph of order 2p 2
Abstract
A nonidentity element of a permutation group is said to be semiregular if all of its orbits have the same length. The work in this paper is linked to 6] where the problem of existence of semiregular automorphisms in vertex-transitive digraphs was posed. It was observed there that every vertex-transitive digraph of order p k or mp, where p is a prime, k 1 and m p are positive integers, has a semiregular automorphism. On the other hand, there are transitive permutation groups without semiregular elements 4]. In this paper, it is proved that every cubic vertex-transitive graph contains a semiregular automorphism, and moreover, it is shown that every vertex-transitive digraph of order 2p 2 , where p is a prime, contains a semiregular automorphism.
Introduction
By a digraph we mean an ordered pair X = (V; A) where V is a nite nonempty set (of vertices) and A (the set of arcs) is an irre exive relation on V . In this sense (undirected) graphs are a special case of digraphs with above relation a symmetric one. (All digraphs, as well as graphs, will then be assumed to be nite.) Besides, all groups in this paper are assumed to be nite, too. By p we shall always denote a prime number. We refer the reader to 2, 3, 9] for the terminology not de ned here.
Let r 1 and s 2 be integers and let G be a permutation group (on a nite set V ). An element of G is said to be (r; s)-semiregular if it has r orbits of length s and semiregular if it is (r; s)-semiregular for some r and s.
The following problem was posed independently in 5] and 6].
Problem 1.1 Does every vertex-transitive digraph have a semiregular automorphism?
Of course, it is a direct consequence of the de nition that every Cayley digraph has a semiregular automorphism. For non-Cayley digraphs the problem is by no means an easy one. Further families of vertex-transitive digraphs, which must necessarily have semiregular automorphisms, include vertex-transitive digraphs of orders mp, where m p, and p k (see 6]). On the other hand, no vertex-transitive digraph without a semiregular automorphism is known to us.
Let us also mention the connection between the existence of semiregular automorphisms and the hamiltonicity problem for vertex-transitive graphs. Namely, many existing techniques for constructing hamiltonian cycles in certain classes of vertex-transitive graphs exploit the fact that these graphs posess semiregular automorphisms (see 1]). Finally, we remark that Problem 1.1 cannot be solved adhering to permutation groups alone, for there exist transitive permutation groups without semiregular automorphisms as we shall see in Section 2. On the other hand, every nite group acting transitively on a set of cardinality at least 2 must necessarily contain an element of prime power order without xed points (see 4 The next lemma will be needed to prove that every cubic vertex-transitive graph has a semiregular automorphism. Lemma 3.2 Let X be a connected vertex-transitive graph of prime valency p, let v 2 V (X) and let G be a transitive subgroup of Aut X. Then and that has a xed point in N(w), that is the vertex z. But then, since the valency of X is a prime p, it follows that xes N(w) pointwise. In particular, (u) = u. We conclude that = 1. In view of this fact we have that the homomorphism associating to an element 2 P its restriction N(v) to N(v), must be a momomorphism. Hence P is isomorphic to some subgroup of the symmetric group S p . But p 2 does not divide p! = jS p j and so jPj = p. Proof. Let X be a cubic vertex-transitive graph and let G = Aut X. We may assume that X is connected. Lemma 3.2 implies that an element of G of order p 6 = 2; 3 must be semiregular. We may therefore assume that jGj = 2 a 3 b for some a; b 0. In view of the Burnside p-q Theorem Suppose now that K contains no elements of order 3. Then K must be a 2-group. Since every vertex-transitive digraph of prime power order must have a semiregular automorphism ** tukaj se (see 6, Proposition 3.2]) we may assume that the order of X and hence the order of G is divisible by 3. Further we may assume that none of the elements of order 3 in G is semiregular. Hence we have that for some vertex v of X there exists an element of order 3 of G xing v and cyclically permuting its neighbors. But then because of vertex-transitivity each vertex of X has this property. Let 2 K be an involution with xed vertices. The connectedness of X then implies that there are two adjacent vertices v; w of X such that (v) = v and (w) 6 = w. Let 2 G v be an element of order 3 which cyclically permutes the neighbors of v. Then 
2 K. Besides, 6 = and more precisely the restriction of 2 K to N(v) is a 3-cycle, contradicting the fact that K is a 2-group. Hence our assumption about nonexistence of elements of order 3 in K was wrong. This forces, in view of the fact that K is elementary abelian, K to be a 3-group. Now Lemma 3.2 implies that jK \ G v j = 3 for each vertex v of X. It follows that fFix( ) : 2 Knf1gg is a partition of V (X). Namely, if u 2 Fix( )\F ix( ) for ; 2 K, then 2 f ; ?1 g and so clearly Fix( = Fix( ). Now, since X is connected there exist adjacent vertices u and v belonging to di erent blocks of this partition. Considering the action of the elements of G xing precisely one of u and v, we easily obtain that the edge set of the subgraph of X induced by N(v) N(u) generates a K 3;3 . But then since X is connected we have X = K 3;3 and clearly X has a semiregular automorphism. 
